PRINCIPAL VALUES FOR RIESZ TRANSFORMS AND 

RECTIFI ABILITY 



XAVIER TOLSA 

Abstract. Let E C R d with H n (E) < oo, where H™ stands for the 
n-dimensional Hausdorff measure. In this paper we prove that E is 
n-rectifiable if and only if the limit 

Km f i X ~\, dH n (y) 

exists 7i n -almost everywhere in E. To prove this result we obtain pre- 
cise estimates from above and from below for the L 2 norm of the n- 
dimensional Riesz transforms on Lipschitz graphs. 



1. Introduction 

Given x £ x ^ 0, we consider the signed Riesz kernel K(x) = 
x/|x| n+1 , for an integer such that < n < d. Observe that K is a vec- 
torial kernel. The n-dimensional Riesz transform of a finite Borel measure 
\i on M. d is defined by 

R n fj,(x) = J K(x - y) dfj,(y), x supp(/x). 

Notice that the integral above may fail to be absolutely convergent for x E 
supp(/i). For this reason one considers the e-truncated n-dimensional Riesz 
transform, for e > 0: 

E£n(x)= J K(x-y)dfi(y), x E R d . 

J\x-y\>e 

The principal values are denoted by 

p.v.R n fi{x) = lim B%pi(x), 

e— >0 

whenever the limit exists. 

One says that a subset E C M d is n-rectifiable if there exists a countable 
family of n-dimensional C 1 submanifolds {Mj}j>i such that 

H n (E\\jM^ =0, 

i 

where 7i n stands for the n-dimensional Hausdorff measure. 
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In this paper we are interested in the relationship between rectifiability 
and Riesz transforms. One of our main results is the following. 

Theorem 1.1. Let E C R d with H n {E) < oo. Then E is n-rectifiable if, 
and only if, the principal value p.v.R n (Ti™ E )(x) exists for H a -almost every 
x <G E. 

In fact, the "only if" part of the theorem (rectifiability implies existence 
of principal values) was well known (see [MPr], for example). On the other 
hand, under the additional assumption that 

(i.i) ii fflinf ^ r)n£) >o n^., x eE, 

Mattila and Preiss proved [MPr| that if the principal value ^>.v.R n {7i^ E ){x) 
exists 7^ n -almost everywhere in E, then E is rectifiable. Getting rid of the 
hypothesis (jl.ip was an open problem raised by authors in [MPr]. 

Let us also remark that in the particular case n = 1, Theorem 11.11 was 
previously proved in [Tolj (and in |Ma2| under the assumption (jl.ip ) using 
the relationship between the Cauchy transform and curvature of measures 
(for more information on this curvature, see [MeJ and [MeV] . for example). 
In higher dimensions the curvature method does not work (see [Fa]) and 
new techniques are required. 

We do not know if Theorem 11.11 holds if one replaces the assumption on 
the existence of principal values for the Riesz transforms by 

sup \R^{H? E )(x)\ < oo H n -&.e. x € E. 

£>0 

That this is the case for n = 1 was shown in [Tolj using curvature. However, 
for n > 1 this is an open problem that looks very difficult (probably, as 
difficult as proving that the L 2 boundedness of Riesz transforms with respect 
to 7i^ E implies the n-rectifiability of E) . 

Given a Borel measure \i on R d , its upper and lower n-dimensional den- 
sities are defined, respectively, by 

^«*/ \ ,. n(B(x,r)) , u(B(x,r)) 

9"'*(x) = hmsup — , @?,Jx) =liminf v v " . 

* y ' r ^ r n ^ y ' two r n 

So (II. lj) means that the lower n-dimensional densities with respect to H,^ 
is positive Tt n -&.e. in E. We recall that if TL n {E) < oo, then 

< GS* (x) < oo H n -a.e. x G E. 

However there are sets E with < Tt n (E) < oo such that the lower density 

O^n ^(x) vanishes for every x € E (see [Malt Chapter 6], for example). 
I-?' 

Theorem 1 1.1 1 is a particular case of the following somewhat stronger result. 

Theorem 1.2. Let n be a finite Borel measure on W 1 . Let E C M. d be such 
that for all x £ E we have 

0<O"'*(x)<oo and 3p.v.R n fi(x). 
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Then E is n-rectifiable. 

Our arguments to prove Theorems 1 1 . 1 1 and 1 1 . 2 1 are very different from the 
ones m [MPr] and [Ma2], which are based on the use of tangent measures. 
A fundamental step in our proof consists in obtaining precise L? estimates 
of Riesz transforms on Lipschitz graphs. In a sense, these L? estimates play 
a role analogous to curvature of measures in |Tolj . Loosely speaking, the 
second step of the proof consists of using these I? estimates to construct a 
Lipschitz graph containing a suitable piece of E, by arguments more or less 
similar to the ones in |Le2] . 

To describe in detail the L? estimates mentioned above we need to intro- 
duce some additional terminology. We denote the projection 

(xi, . . . , x n , . . . , x d ) h-> (xi, . . . , x n , 0, • • • ,0) 

by LT, and we set H 1 - =1 — 11. We also denote 

R^^x) = U L (R n n(x)) and R^n{x) = ^(flXi)). 

That is to say, i? n, - L / u(x) and R™' [i(x) are made up of the components of 
R n n(x) and R£n(x) orthogonal to M ra , respectively (we are identifying R n 
with M n x {(0,... ,0)}). 

Theorem 1.3. Consider the n- dimensional Lipschitz graph V := {(x,y) £ 
Rn x R d-n . y _ A(x)}, and let dfj,(z) = g{z)dH^ r (z), where g(-) is a 

function such that C-f 1 < g(z) < C\ for all z G T. Suppose that A has 
compact support. If\\g — 1||2 < C2IIVAH2 and ||V^4.||oo < ^0; withO < eo < 1 
small enough (depending on Ci), then we have 

Hp.v.^'VIIls^) ~ \\p.v.R n [x\\ L 2 M fa \\VA\\ 2 . 

Let us remark that the existence of the principal values p.v.R n [i ^-a.e. 
under the assumptions of the theorem is a well know fact. If we take g(x) 
1 . we obtain: 

Corollary 1.4. Consider the n-dimensional Lipschitz graph V := {(x,y) £ 
W 1 x M d_ri : y = A(x)}, and let \x = HJ^,. Suppose that A has compact 
support. If HV-AHoo < £q, with < eo < 1 small enough, then 

||p.v.i? n 'VllL2( M ) ~ \\p.v.R n n\\ L 2 {fl) w ||VA|| 2 . 

The upper estimate Wp.v.R 71 ^^^ < j|VA||2 is an easy consequence of 
some of the results from [Do| and [To3] and also holds replacing eo by any 
big constant (see Lemma 13.11 in Section [3] for more details). The lower 
estimate ||p.v.i? n ' (J-\\l 2 (ij,) ^ ||VA||2 is more difficult. To prove it we use a 
Fourier type estimate as well as the quasiorthogonality techniques developed 
in |To3| . In particular, the coefficients a{Q) (see Section[2]for the definition) 
introduced in that paper are an important tool for the proof. 

We remark that we do not know if the inequalities \\p.v.R n [m\\ L 2^ > 
C^ 1 )! VAH2 or ||p.v.ir'V|| L 2 (A() > C^HVAI^ in Theorem O or Corollary 
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ll.4l hold assuming ||V^4||oo < C4 instead of ||VA||oo < Eo, with C4 arbitrarily 
large and C3 possibly depending on C4. 

Obtaining lower estimates for the L 2 norm of n-dimensional Riesz trans- 
forms in R d is also important for other problems, such as the characteriza- 
tion of removable singularities for bounded analytic functions (for n = 1) 
and Lipschitz harmonic functions (for n > 1). For instance, in [MaT], in 
order to characterize some Cantor sets which are removable for Lipschitz 
harmonic functions in M n+1 first one needs to get a lower estimate of the 
norm \\p.v.R n p\\ L 2^, where p is the natural probability measure supported 
on the given Cantor set. Analogous results for bilipschitz images of Cantor 
sets are obtained in OPT]. See also [ENV] for other recent results which 
involve lower estimates of 1? norms of Riesz transforms, and [Da2| . [To2j . 
[Vo] for other questions on removability of singularities of bounded analytic 
functions and Lipschitz harmonic functions. 

The plan of the paper is the following. In Section [2] we introduce some 
preliminary notation and state some results that will be needed in the rest 
of the paper. Sections [3]l6] are devoted to the proof of Theorem 11.31 while 
Theorem ll.2l is proved in Sections [TlllOlbv arguments inspired in part by the 
corona type constructions of [Le2j and |DS1| . 

2. Preliminaries 

As usual, in the paper the letter 'C stands for an absolute constant which 
may change its value at different occurrences. On the other hand, constants 
with subscripts, such as Ci, retain its value at different occurrences. The 
notation A < B means that there is a positive absolute constant C such 
that A < CB. Also, A « B is equivalent to A < B < A. 

An open ball with center x and radius x is denoted by B(x,r). If we want 
to remark that this is an n-dimensional ball, we write B n (x,r). 

Given / G L\Jji\ we denote R%(f) = R n (f dp) and R^f) = R n £ {f dp). 
Recall also the definition of the maximal Riesz transform: 

R^fi(x) = sup\R^(x)\. 

e>0 

To simplify notation, if n is fixed, quite often we will also write Rfi(x) instead 
of R n fj,(x), and analogously with respect to R £ ^, R ± l^, R*fJ>, i?^ j£ (/), etc. 
We say that the Riesz transform operator R^ is bounded in L 2 (fx) if the 
truncated operators R^ t£ are bounded in L 2 (fi) uniformly on e > 0. 

Given < n < d, we say that a Borel measure [i on M. d is n-dimensional 
Ahlfors-David regular, or simply AD regular, if there exists some constant 
Co such that Cq r n < fi(B(x,r)) < C§r n for all x G supp(ju), < r < 
diam(supp(u)). It is not difficult to see that such a measure [i must be of 
the form dfi = p dWu upp ^ > where p is some positive function bounded from 
above and from below. 



PRINCIPAL VALUES FOR RIESZ TRANSFORMS AND RECTIFIABILITY 



5 



Given E C C and a cube Q C R rf , we set 

a in\ ■ rf dist(?/, L ) 

Pe(Q) =inf< sup — — 
L lyeEmQ HVj 

where the infimum is taken over all n-planes L in R d . The L p version of j3 
is the following, 

1 [ /distfo.m". , A 1 '" 



where the infimum is taken over all n-planes in M. d again. In our paper we 
will have E = supp(^) and, to simplify notation, we will write (5 (or [3^) and 
f3 p instead of (5e and The definition of (3 P {B) for a ball B is analogous 
to the one of f3 p (Q) for a cube Q. 

Remark 2.1. Consider the n-dimensional Lipschitz graph T := {(x,y) £ 
R n x R d-n . y _ A(x)}, and let dfj,(z) = dH^ T {z). Suppose that HV^IU < 
C5. By [Pol Theorem 6], we have 

||VA||1 « Yl /W) 2 m(q) ~ E &(G)V(Q), 

Qex> Qe£> 
with constants depending only on C5. 

Given a set A C M rf and two Borel measures a, v on R rf , we set 

distA((T, 1^) := sup| f fda - f fdv : Lip(/) < 1, supp(/) C A^. 

Given a Borel measure [i on K d and a cube Q which intersects supp(^i), 
we consider the closed ball Bq :=B(zq, 3 diam(Q)), where zq and diam(Q) 
stand for the center and diameter of Q, respectively. Then we define 

(2.1) a«(Q) := j^y^ M l dist BQ 0u, cHf L ), 

where the infimum is taken over all the constants c > and all the n-planes 
L. For convenience, if Q does not intersect supp(/i), we set a™(Q) = 0. To 
simplify notation, sometimes we will also write a{Q) instead of a™(Q). 

We denote by cq and Lq the constant and the n-plane that minimize 
dists Q (^, Cl) (it is easy to check that this minimum is attained). We also 
write Cq := cqTC^ Lq , so that 

1 1 

a KQ) = l(Q)n+l d[st B Q (V, C Q n ?L Q ) = £ (Q}n+l dist B Q {», Cq). 

Let us remark that cq and Lq (and so Cq) may be not unique. Moreover, 
we may (and will) assume that Lq n -Bq 7^ 0. 

Recall that when [i is AD regular, one can construct some kind of dyadic 
lattice of cubes adapted to the measure \x. The cubes from this lattice are 
not true cubes, although they play the role of dyadic cubes with respect to 
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fi, in a sense. See |Dal4 Appendix 1], for example. The definitions of (3 P (Q) 
and a(Q) are the same as above for this type of "cubes". 

In [To3] it is shown that /?i(Q) < Ca(Q) when H is an AD regular n- 
dimensional measure and Q is a cube of the dyadic lattice associated to fj,. 
The opposite inequality is false, in general. 

We denote 

and if B = B{x, r), we set 5^(B) = 6™(x, r). Sometimes, to simplify notation 
we will write <5(x,r) instead of 5™(x,r). 

3. Auxiliary lemmas for the proof of Theorem 11.31 

3.1. More notation and definitions. Throughout Sections [3j|6l fi stands 
for the measure described in the assumptions of Theorem 11.31 That is, 
fi = gTC^, where V is the Lipschitz graph {(x,y) G M. d : y = A(x)}. Observe 
that \i is AD regular. 

Recall that II is the projection (xi, . . . , x n , . . . , xj) i— » (xi, . . . , x n ). We 
denote xq = U(x) = (xi, . . . , x n ) (we identify xq G M n with (xq, 0, . . . , 0) G 
and, also, x 1 - = LI- L (x) = (x n+ i, . . . ,Xd)- 

In the particular case of a Lipschitz graph and [i as above, the construction 
of the dyadic lattice T> associated to /x is very simple: let T>$ be the lattice 
of the usual dyadic cubes of W 1 . A subset Q C T is a cube from T> if and 
only if it is of the form 

Q = n- 1 (Q )nr 

for some Qq G Vq. If £(Qo) = 2~i (where £(•) stands for side length), we 
set £(Q) = 2~° and Q G Vj. If zq is the center of Qo, then we say that 
n OzQ )nr is the center of Q. The definition of XQ, for A > 0, is analogous. 

Let tp be a non negative radial C°° function such that Xs(o,i/8) — V' — 
X_b(o,i/4)- For each j G Z, set ^-(x) := tpfex) and ^ := ^ — V'j+ij so that 
each function ^ is non neg ative and supported on B(0, 2^- 2 )\B(0, 2--?~ 4 ), 
and moreover we have 



[<Pj(x) = l for all x G M \ {0}. 

We need to consider the following vectorial kernels: 

x 

(3- 1 ) #j0«0 = Vj(aJo) j^ppr 3 G Z, 

and 

(3-2) K J (x)=^(x )^ TT j€Z, 

|Xo I 

for x G The operators associated to Kj and are, respectively, 
Rjfx(x)= / Kj(x-y)dfj l (y), Rjfi(x) = / K 5 (x -y)dn(y). 
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Notice that, formally, 

jez 

Moreover, abusing notation sometimes we will write R[i instead of p.v.Rfi. 
When /i is like in Theorem 11,31 this does not cause any trouble, since the 
/i-a.e. existence of principal values is a well known result. 

Let us remark that, perhaps it would be more natural to replace <Pj(x) by 
(pj(xo) in the definitions of the kernels Kj and Kj (like in |To3] ) . However, 
for some of the calculations below the definitions above are more convenient 
(although the choice of <fj(x) instead of <fj(xo) would also work with minor 
modifications and some additional work). 

We also denote by KJj(x) and KUx) the i-th component of Kj(x) and 
Kj(x) respectively, and we set 

x ± 

and 

kHx) = ipj(x y 



x \ n+1 



and we denote by Rj- and Rj the corresponding operators with kernels Kj- 
and Kf. 

3.2. The upper estimate for the L 2 norm of Riesz transforms. 

Lemma 3.1. Consider the n- dimensional Lipschitz graph T := {(x,y) G 
R n x M d - n : y = A(x)}. Suppose that {{VA^ < C 6 and let dfi(z) = 
g(z) dTi" r (z) , where g(-) is a function such that C^ 1 < g(z) < C\ for all 
z € r. Then we have 

\\p.v.Rn\\ L 2 M < \\VA\\ 2 + \\g - 1|| 2 , 

with constants depending on C% and C\. 

Proof. By Theorem 1.2 in [To3| we have 

IIp-v.^||| 2M < Yl a (QfKQ), 

Qev 

and by Theorem 1.1 and Remark 4.1 in the same paper, 

Qev Qev 
By [Do, Theorem 6] we have 

E MQ)V(Q) « \\VA\g 

Qev 

and so the lemma follows. □ 
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3.3. Auxiliary lemmas for the lower estimate. In the following lemma 
we collect a pair of trivial estimates. The easy proof is left for the reader. 

Lemma 3.2. Denote 5 = 2~ 3 '. For all x € M. d and all 1 < i < n + 1, we 

have 

I *^i> I 

l-^jO^)! ~ ^TT XA(Q,8/3,3S) ! 

anc? 

l VK i( X )l ~ ^TlXA(0,5/3,35)- 

Notice that 

, kT 
X — Xo < — j — f- . 

\ x \ 

From this estimate and easy calculations, one gets 

Lemma 3.3. Denote 5 = 2~ J . For x £ W 1 such that \x\ ~ \xq\, and for 
1 < % < d, we have 

i ii j_ I 2 

\K){x) - K){x)\ < Xt 6n X +3 XA(o,8/w,S), 

and 

\ x ±\2 

\V(K}-K*)(x)\ <L-±- XA{0tS/l( . iS) . 

The proof is left for the reader again. 
Lemma 3.4. For all j £ Z and all Q € T>j, we have 

(3.3) / \R jt i\ 2 dfi< [l3 2 (Q) 2 + a(Q) 2 ]fx(Q). 
JQ 

Also, if Dq is the line that minimizes 0i(Q) and 

PooiQ) < £2 and sin £(D ,D Q ) < e 2 , 
with £2 small enough, then 

(3.4) / \R jf i-R^\ 2 dfi< ej[f3 2 (Q) 2 + a(Q) 2 ]n(Q). 
JQ 

Proof. The estimate (j3.3|) has been proved in [To31 Lemma 5.1]. The in- 
equality (|3.4p has a quite similar proof. For completeness, we show the 
detailed arguments. Consider the kernel Dj = Kj — Kj, and let Tj be the 
operator associated to Dj. 

Denote by Dq the line that minimizes (3i(Q) and let Lq the one that 
minimizes a(Q). From the fact that (3\{Q) < &(Q) it easily follows that 

(3.5) dist H (L Q n B Q , D q n B Q ) < a(Q)£(Q), 

where dist# stands for Hausdorff distance. Take x € Q C Y. Consider the 
orthogonal projection x' of x onto Dq. Since we are assuming that Poo(Q) 
is very small we have \x — x'\ <C diam(Q) and then supp(-Dj (x' — •)) C Bq. 
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First we will estimate Tjfj,(x'). Let U be a thin tubular neighborhood 
of Dq n Bq of width < Ce2diam((5) containing supp(//) n Bq and denote 
f(y) = Dj(x' — y). Notice that for y € U n supp(Dj(x' — y) we have 



\x - y\ 



We have 



2/0 1 s an d so by Lemma [331 for these y's, 



\Vf(y)\ = \VD j (x'-y)\< 



\x >x -y x \ 2 



i(Q) 



n+3 



y ± \<e(Q){f3oo(Q)+sm^(D ,D Q )), 



where Do stands for the n-plane Do 



x (0, ... 0), and so we get 



(3.6) 



|V/(y)| 



< £ 2 



el/£(Q) n+1 . Since is odd and x' G Dq, we have / Dj{x'-y) dH? D (y) 

I Q 



We extend f\unB Q to a function / supported on Bq with ||V/||oo ^ 

0, and so 

Dj(x' -y)dn(y) 



J D 3 (x' - y) dn(y) - c Q J D 3 (x' - y) dU^ Dq (y) 
J(y)d^y)-c Q [ f(y)dHf DQ (y) 



~ £(QY 



^ dist Bq (v,cqH? d 



\Dq> 



In these estimates cq stands for the constant minimizing the definition of 
a(Q). By the definition of a(Q) and (|3.5p one easily gets 

dist BQ ^c Q Hf DQ )<a(Q)£(Q) n+1 . 

Thus, |2>(x')| <e 2 2 a{Q). 

Now we turn our attention to Tj/i(x). We have 

\Tjn(x) - Tjfi(x')\ <\x- x'\ sup \VTj/j,(£)\. 
By an estimate analogous to ()3.6[) we have 

|V2>(0| < / |VDi(f-y)|dMlO 

since |£ — y| « |£o — 2/0 1 f° r £ 6 and y E supp(/i) n supp(.Dj(£ — •)). 

Therefore, 

I rr-i / \ rr ( a, < 4 dist(x, Dq) 
\T jf i(x) -Tjii(x )\ < ■ 



< $ 



i{Q) 



and so 



, , ^ e|dist(a?, Dq) . , 2 /dist(x, £> Wy 
T i^(^)l £ ?77^ + FiM 35 )l £ £ 2( F77^ + <*(<?) )• 



^ v ~" ~ £(Q) ' " £(Q) 

The lemma is a direct consequence of this estimate. 



□ 
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From the preceding result we get the following. 

Lemma 3.5. For j £ 7L, let us denote 

(3 2J (T) 2 := fciQfKQ) and aj (T) 2 := £ a(Q) 2 n(Q). 
QeVj QeVj 

Suppose that 

Poo(Q) < £2 and sin ^(D ,D Q ) < e 2 , 
where Dq is the line that minimizes (3i(Q) and e 2 is small enough. We have 

\(Rffi, Rtp) - {itj-fi, r£»)\ < 4{MT) + oy(r)) (ft ifc (T) + a fc (r)). 

Proof. We set 

\(Rfti, Rkn)-{Rj-p, Rfr)\ 

< I {Rj-iM - Rffi, R£») I + I (RfiM, Rtii - Rin) I 

< \\Rfn - R±fj,\\ 2 \\R£fj,\\2 + \\Rfn - RfvhWRifJ- - RifJ-h 
+ \\Rj vhWRk V - R-kVh- 

If we plug the estimates (|3.3p and (|3.4p into the preceding inequality, the 
lemma follows. □ 

4. The key Fourier estimate 
Consider the image measure a := H#/i on W 1 and set 

A(x )-A(y ) 



Hj{x ,y ) = ipj{x -y ) : 

\x -yo\ n+1 



We have 



(4.1) (Rfn,Rifi) =111 K^x,y)K^(x,z)dfi(x)dfi(y)dfi(z) 

Hj(x ,yo)H k (xo,zo)da(xo)da(yo)da(zo) =■ Io 

Below we will calculate Io using the Fourier transform in the special case 
in which a coincides with the Lebesgue n-dimensional measure on M n . This 
will allow us to prove Theorem 11.31 in this particular situation. The full 
theorem will follow easily from this case. 

Lemma 4.1. Let us denote 5 = , e = 2~ k , and assume 5 < e. We have 
(4.2) 

0< /// H j (x,y)H k (x,z)dxdydz^6e f 

JJJ(R")3 J\£\<l/e 



l«)3 ^ICI<l/e 

£ -'l/e<l£l<l/<5 



£ ~'l/e<kl<l/<5 
d£ J\£\>l/5 
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Proof. For x 6 R n , we denote rj(x) = tp(x)/\x\ n+1 . Notice that 
ifj(x) 1 /x\ 1 



lj.ln+1 (5 n +l 



and analogously for ipi~(x)/\x\ n+1 . By the change of variables y = x + s, 
z = x + t, and by Plancherel the triple integral on the left hand side of (|4.2j) 
equals 

= ^-JJJ r] 5 (s)(A(x) - A{x + s))r] s (t)(A{x) - A{x + t))dxdsdt 
1 



|A(£)| 2 (1 - e- 2m « s ) % ( S )(l - e-^rieWdtdsdt. 



By Fubini, taking Fourier transform (for the s and t variables), we get 
1 

h = 

Let 



J o=fe /// |A(OI 2 (^(0)-^O)(^(0)-^eO)de- 



/<?(£) == J (57(0) 

It is easy to check that fs(0 is real and positive for £ 7^ cQ. Moreover, using 
that 77 is radial and rj G 5, we get /,5(£) ~ C <5 1 CI 2 as <!; — > 0, and /5(C) ~ C/<5 
as |£| — > 00. So we infer that 

MO ~ m 2 if IC! < ], and / 5 (£) ~ I if |£| > i 
Analogous estimates hold for the corresponding function MO- Therefore, 

(4.3) Jo »fe / |i(oiW^ + - / i%)i 2 iei 2 ^ 

+ 1/ |1(0I 2 ^- 

□ 



5. Proof of Theorem 11.31 in the particular case da = dx 

We will need the following result from [To3] (it is not stated explicitly 
there, although it is proved in the paper): 



i 



This follows from the fact that 



rj(Q) — J r)(s)ds > J cos(27rf s)r](s)ds = r}(£) 
for all £ 7^ 0, since 77 is a non negative radial function from S. 
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Theorem 5.1. Let p be an n- dimensional AD regular measure. For any 
positive integer Nq, we have 

(5.1) E \(Rl»,Rk»)\ < C2- N ^ E «(Q)V(Q)- 

j,k-.\j-k\>N Qev 

Moreover, under the assumptions of Theorem \1.3\. if = p(x) dx, we 

have 

(5.2) E «(Q)VQ) < E + \\p- 1 II i - 

Qev Qev 

Let us remark that in [To3| the preceding result has been proved with 
<Pj(x) replacing (fj(xo) in the definition of the kernel Kj in (|3.ip . However, 
it is easy to check that all the estimates of |To3| work with the slightly 
different definition in (13, ip when p is supported on a Lipschitz graph. 

Proof of Theorem 11.31 in the particular case da = dx. By Lemma [3"TTl 

we only need to prove the lower estimate \\p.v.R ± p\\ L 2^ > ||V^4||2. We set 

II^IIW) = E {Rf»,Rk»)+ E (Rf^RkV)=-Si + s 2 . 

j,k:\j-k\<N j,k:\j-k\>N 

In this identity R ± p can be understood either as the principal value or as 
an L 2 (p) limit. We will show that if £q is small enough, then 

Si~ E^) 2 mq) 

Qev 

(with constants depending on Nq), while IS2I < S\/2. The theorem follows 
from these estimates. 
The inequality 

Si< E>(G) 2 MQ) 

Qev 

is a direct consequence of (|3.3p . (|5.2p . and the fact that p = 1. Now we 
consider the converse estimate. We denote 

T j /(x)= / H J (x,y)f(y)dy. 

By (I4.ip we have 

(i?^//, Rip) = (Tjl, Tfcl) R ». 

Then we set 

/#/z) = (2)1, T fc l) R " + - (Rfp, Rip)) 

= : (Tjl, Tfcl)Rn + E^j.. 
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By Lemma B~Tj since (Tjfi,Tkfi}^n > 0, we have 
(5.3) 

E <r i i,r fc i) R ->X;iir J -i||l>X; / l%)l 2 ICI 2 ^ 

],k:\J—k\<N JSZ jGZ — 

« ||VA||1 « ^ ^(Q)V(Q)- 
QeZ> 

We consider now the terms £y,fe. Since || Vvl[|oo < £o> we infer that (3(Q) < 
£0) an d then from Lemma 13, 51 if £q is small enough we deduce 

E fel ~ £ o E (^,i(r) + «i(r)) + « fc (r)) 

i,fe:|i-fe|<JV j,k:\j-k\<N 

<N elY,^{Q) 2 +l5 2 {Q) 2 )^Q). 
QeV 

From (15.21) we obtain 



(5-4) E \E j , k \<N elY,h{Q?KQ)- 

j,k:\j-k\<N QeV 

By the estimates (|5.3p and (|5.4p . if £o is small enough (for a given iVo), 
we infer that 

(5-5) S 1 > E &(Q)V(Q)- 

QeX> 

Finally we turn our attention to S2. By Theorem 15. II we have 

|5 2 |<2-^/ 4 ^A(Q) 2 M(Q)- 
QeX> 

Therefore, by (|53]) . S 2 < C2- N °^Sx < St/2 if iV is big enough. We are 
done. □ 

6. Proof of Theorem 11.31 in full generality 

Lemma 6.1. Consider the n- dimensional Lipschitz graph T := {(x,y) £ 
W 1 x R d ~ n : y = A(x)}, with ||V^4||oo < Cg, and let fj, be supported on T 
such that dH#fj,(x) = dx. Then is bounded in L 2 (fi) with 

with Cg depending only on C$. 

Proof. We think that this is essentially known. However, for completeness 
we give some details of the proof. Consider the kernel 

A(x) - A(y) 



K(x,y) 



(\ x - y \> + \A{x)-A{y)\i) {n+l)/2 ' 
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and the associated C alder on- Zygmund operator 

Tf(x)= [ K(x,y)f(x)dx, 
for / 6 L 2 (R n ). When n = 1 = d — 1, we have the expansion 

i=i 1 yi i=l 

and the corresponding associated operators are the Calderon commutators 
Cj. It is well known that 

11^-112,2 ^C^HVAII^- 1 

(see |Dall p. 50], for example), and so if ||V-A||oo is small enough the lemma 
follows. 

For other re's and d's the result also holds. For example, it can be deduced 
from |To3] : if A is supported on a cube Q, then we have 

PVlb < \\VA\\ 2 < WVAUniQ) 1 /*. 
By a localization argument, one can prove that for any cube P, 

\\R X (XPH)h £ llVAHoo^P) 1 / 2 , 

and then by the Tl theorem the lemma follows (taking into account that 
the Calderon-Zygmund constants involved in the kernel K (x, y) are bounded 
above by ||Vj4||oo too). □ 

Remark 6.2. Consider the function A : M. n — > M. d given by A(x) = (x, A(x)), 
where A is the Lipschitz function that defines the Lipschitz graph T. Notice 
that the density function p{x) such that = p{x)dx is given by 

p(x) = g{x) JA(x), 

where JA(x) stands for the n-dimensional Jacobian of A. Recall that 

jl(x) = (^(det J B) 2 ) 1/2 , 

B 

where the sum runs over all the nxn submatrices B of DA(x), the differential 
map of A at x (see |Mot p. 24], for example). Then it is easy to check that 

(JA(x)) 2 = l + e(x), 

with 

\e(x)\ < sup|5i^(x)| 2 

i,j 

(in fact, e(x) = Y2i j(diAj{x)) 2 + where ". . ." stands for some terms 
which involve higher order products of derivatives of A). So we also have 

JA(x) = 1 + e (x), 
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with 

|eo(aOI < sup | diAj (x) | 2 . 

As a consequence, 

\p(x) - 1| = + e (x)) - 1| < | 5 (x) - 1| + C|e (x)|. 

Observe that lleo [loo < llV^H^o < el and ||e || 2 < ||V^||oo||V^|| 2 . Then the 
assumptions of Theorem 11.31 ensure that 

(6-1) Hp - i|| 2 < \\g - 1 1| 2 + C||eo|| 2 < C||VA|| 2 . 

Proof of Theorem 11.31 Recall that we only need to prove the lower es- 
timate ||p.v.i2- L /Lt|| i 2( /J ) > 1 1 1 1 2 • Consider the measure po supported on T 
such that n^t/io = dx. Recall that 

(6-2) pVo \\l^ ) ~ ||VA|| a . 

Since 

U # p = g(x)JA(x)dx =: p(x)dx, xeP, 
it turns out that 

p(II(z)) dp (x) = dp(x), x G R d . 
We denote h(x) = p(LT(x)), and so we have 

dp(x) — dpo(x) = (h(x) — 1) dfio(x), 
with \\h — 1\\l 2 (uo) ^ ||VA|| 2 , by (|6.ip . So, from Lemma [fTTl we deduce 

|ll^ ^Wl^(im)) ~ \\R Mo I Ua^) | < ll-R^M ~ ^ Mo 11x2(^0) 

= 11^(^-1)^0)11^(^0) 

< HVAHooll/i-lll^) <e ||VA|| 2 . 
If eo is small enough, from (16. 2|) we infer that 

II-RVIIl 2 ^,,) ~ II-RVoIIl 2 ^) ~ Il v ^ll2 5 

which implies that 

H-^MlU 2 ^) ~ l|V^4|| 2 , 
since g(x) ~ h{x) ~ 1 for all x. □ 

7. The Main Lemma for the proof of Theorem 11.21 

This and the remaining sections are devoted to the proof of Theorem 11.21 
For e > we denote 

and also 



R E p(x) = I tj){e (x - y)) ^ _ ^ n+1 dp(y), 
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where ip is a C°° radial function such that XR d \B(o,i) ^ V* < XiR d \_B(o,i/2) • We 
also set 

R si,e 2 K x ) = Re^ix) - R £2 fl{x), 

and 

Rei,^{ x ) = ReiV(x) ~ Re 2 K x )- 

It is easy to check that if p.v.Rfi(x) exists for some x G M. d , then 

limii e ^(x) = lim R e fi(x) = lim R £ [i(x). 

e^O e^O e^O 

(Hint: write R £ n(x) and R e [i(x) as a convex combination of R e fi(x), e > 0. 
We also denote c n = £ n (B n (0, 1)), where £ n stands for the n-dimensional 
Lebesgue measure. 

Theorem 11.21 is a consequence of the following result. 

Main Lemma 7.1. Let \x be a finite Borel measure on R rf . Let B$ = 
B(xQ,ro) be a closed ball such that there exists a compact subset F C 10i?o, 
with xq G F, which satisfies 

(a) fi(8B ) = c n 8 n r% and ^{IOBq \ F) < S lf i(B ), 

(b) fj,(B(x,r)) < M x r n for all x G F,r > 0, and fj,{B{x,r)) < c„(l + 
5i)r n for all x G F and < r < lOOro, 

( c ) \\RAL 2 (ti\F),L 2 (p\F) < ^2 j 

(d) |i? £li£2 ^(x)| + |-R £l)£2/ u(x)| < 62 for all x G F and < £1 < e<i < 

If 61,62 are small enough, with 61 = 6\{M2) and 62 = 62 {Mi, M2), then there 
exists an n-dimensional Lipschitz graph T such that 

fi{T nfn B ) > — c n r%. 

Let us remark that the Lipschitz constant of the graph F depends on the 
constants Mi, M2 and 61,62, and tends to as Si + 62 — > 0, for fixed M\,M2- 

Proof of Theorem 11.21 using Main Lemma 17.11 Consider an arbitrary 
subset E C E. Given 6 > 0, for each i G Z set 

Ei = {x G E : {l + 6y< @*'*{x) < (1 + 6) l+1 }, 
so that [i{E \ (Ji Ei) = 0. For j > 1, denote 

Etj = {x£E l : 6%{x, r) < (1 + 6f +2 if < r < }. 
Notice that for all x G Eij we have 

[i(B(x,r)) < Mijr n for all r > and some fixed Mjj. 

From the fact that R*fj,{x) < 00 on E 1 , arguing as in [Tolj . we can split each 
set Eij as 

fc>l 
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so that, for each k, 



Given any constant eq > 0, for each m > 1 we set 

E i,j,k,m = \ x G E it j }k ■ sup (\R £uE2 n(x)\ + \R £1>e2 n(x)\) <e \. 

1 0<£i<e 2 <l/m J 

It is clear that 

E = Eij t k,m- 
i,j,k,m 

Consider Eij^m C #ij,fc,m such that Eij^ m r\Eii 

,j',k',m' 

= if (i, j, fc, m) 7^ 

k',m') and we still have 

F = (J E iy j^ kym . 

i,j,k,m 

For each density point x of Eij km consider a ball -B x = B(x,r x ) with radius 
< r x < min(l/(100j), Eq/tti) such that 

,j,k,m) 

and 

(i+^r 1 <^(x,r x )<(i+,5r +2 . 

If we take 5 and Eq small enough, we set F := Eijfc m , and we apply Main 
Lemma 17.11 to the measure ^gr^y M an d to the ball i?o = \B X , we infer 
the existence of a Lipschitz graph such as the one described in the Main 
Lemma. If we consider a Vitali type covering with a family of disjoint balls 
B Xi we deduce that there exists a rectifiable subset Fij^m C Eij^,m with 
K F i,j,k,m) > Jo K E i,j,k,m)- We set F := Ui,j,jfe,m- p *' I i.* I m> and then we have 

It is easy to check that this implies that E is rectifiable. □ 

The remaining sections of the paper are devoted to the proof of Main 
Lemma 17.11 

8. Flatness of /j, when the Riesz transforms are small 
We set 

( i x _,|. + e e ^*M 

and 

E 3 
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Lemma 8.1. Let fi be a Borel measure on M. d . Consider e > and 
such that |x| < e/4. We have 

R E ^(x) - R ef x(0) = T(x) + E(x), 

with 

(8.1) T{x)= / ,; 9 w„,ow 9 



(|y| 2 + e 2 )(™+3)/2 



and 

\E{x)\ <a 10 ^P(0, £ ). 

Proof. The arguments are analogous to the ones of Lemma 5.1 in [To4j for 
the Cauchy transform. We will show the details for completeness. 
The Taylor expansion of the function l/(s + e 2 )( n+1 )/ 2 at sq is 

1 1 n+1 , 

(s - so) 



(s + £ 2)(n+l)/2 ( SQ + £ 2)(n+l)/2 2 (s + £ 2 )(™+3)/ 2 

(n + l)(n + 3) _ 2 

+ 8 (^ + e 2 ) (n+5)/2 ^ S 0j , 

where £ G [so, s]. If we set so = |y| 2 , s = \x — y\ 2 , and we multiply by x — y, 
we obtain 

x-V x-y ^±±(x-y) 2 

|x| —2x-y) 



{\x - y\ 2 + e 2 )^ 1 )/ 2 (|y| 2 + e 2 )(™+ 1 )/ 2 (|y| 2 + e 2 )(™+3)/ 2 



+ 



(n + l)(n + 3)(x — y) 



Y^yi^ (M 2 - 2x ■ y) 2 



8fe,y + £ 2 ) 

where G [|y| 2 , |a; — y| 2 ]. If we integrate with respect to d/j,(y), we get 
Refi{x) = R £ [i(0) + T(x) + E(x), 

with 

To estimate E\(x), from |x| < e/4 and | |x| 2 (x — y) + 2(x-y)x| < C|x| 2 (|y| + e) 
we deduce 

/I |2 I |2 

(M 2 + .2 )( n + 2)/2 dM<^-P(0,e). 
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For E2(x) we take into account that £ x>y + e 2 « \y\ 2 + e 2 and, again, that 
\x\ < e/4. Then, 

|E2(X)I ~ w '/ (|,i+y^/» w 5 11,2 / iT^ d " w 

<J^ P(0,e). 

□ 

We will need the following result. See |Lel| Lemma 2.8] for the proof, for 
example. 

Lemma 8.2. Let fj, be a Borel measure on M. d . Suppose that /j,(B(x, r)) < r n 
for all x € M. d . Let B(y,t) be a ball such that S(y,t) > . T/ien i/iere are 
n + 1 fcaZZs Ao, . . . , A n centered at supp(^) n B(y, t) with radius t/Cu such 
that 5(Bi) > C^ 1 and for all (xq, . . . , x n ) G Ao x . . . x A n we have 

t n 

(8.2) vol"((x ,...,x n ))>— , 

where vol n ((xo, ■ ■ ■ , x n )) denotes the n-volume of the n-simplex with vertices 

Xq, . . . , X n . 

The arguments for the following lemma are very similar to the ones of 
[To31 Lemma 7.4]. We will show again the detailed proof for the sake of 
completeness. 

Lemma 8.3. Let B(y,t) and let xo,...,x n € B(y,t) satisfy 118. ty) . Then 
any point x n+ \ G B(y,3t) satisfies 

dist(x n+ i,L) < — V \R £ n(xj) - R e /J,(x )\ + - °' — , 

P2{xo,£) P 2 {x ,£) £ 

where L is the n-plane passing through x@ , . . . , x n . 

Proof. We only have to consider the case e > t and moreover, without loss of 
generality, we assume that xo = 0. We denote by z the orthogonal projection 
of x n +i onto L. Then by Lemma 18. II we have 

t 2 

(8.3) \T( Xj )\ < \R £f i( Xj ) - R £ fi(x ) \ + - P(0,e). 

for j = 1, . . . , n + 1. Let e±, . . . , e n be an orthonormal basis of L, and set 
e n+ i = (x n+ i — z)/\x n+ i — z\ (we suppose that x n+ \ L), so that e n+ \ is a 
unitary vector orthogonal to L. Since the points Xj, j = 1, . . . , n are linearly 
independent with "good constants" (i.e. they satisfy (|8.2p ) we get 

_. n n , 

\T(ei)\ < - £ l T (^')l ~ E ~ Reli(xo)\ + - 2 P(0, e). 
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fori = 1, ... ,n. Also, since z £ L and \z\ < i, we have |T(z)| < Y^j=i \T(xj] 
and so by 



|r(e " +i)!= dist ( ,L^) |r(z -^ +i)| 

i / n+i ~ ^ \ 

Therefore, 

| n+1 1 t 2 

(8.4) S dist(aw , L) (E|JM» J )-^».)l+ ? ^0,«) - 

3=1 3=1 

On the other hand, from the definition of T in (|8.ip . if we denote = 
y ■ ei, we get 

(8.5) ^r(e,)-e, = / 9 , (w+3)/2 



The lemma follows from (I8.4p and (18. 5D . □ 

Lemma 8.4. Lei \i be a Borel measure on M. d and B(x,r) such that 

fj,{B(x, r)) > C^ 1 r n , ^(^(x, t)) < Mt n for all t > r. 

Then there exists r\ with r <r\ < C\%r, with C\q depending on C15 and M , 
such that 

P(x,r 1 ) < 2 n+4 5(x,ri) and d(x, n) > 5(x, r). 

Proof. To simplify notation we set a = 2 n+4 . The lemma follows from the 
following: 

Claim. Under the assumptions of the lemma, either P(x,r) < a8(x,r) or 
there exists some t with r < t < C\sr (with C\% depending on C15 and M ) 
such that 5(x,t) > 8 5(x,r). 

Suppose that the above statement holds. If P(x, r) > aS(x, r), then there 
exists s± with r < s\ < C\&r such that 5(x,si) > 8 5(x,r). 

By repeated application of the claim, we deduce that either there exists 
a sequence s%, s<z, S3, . . . , s m such that 

(8.6) S(x,s m ) > 85(x,s m ^) > ... > 8 m - 1 $(ar,ai) > 8 m C{ 5 \ 



or 



3.7) there exists some Sj, 1 < j < m — 1, such that P(x, Sj) < a5(x, Sj 
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The statement (I8.6P fails for m big enough since S(x, Sj) < M for all j. Thus 
((8|) holds for some j big enough, and so the lemma follows by choosing the 
minimal such j. 

To prove the claim we set 

P{x,r)=(l +Y I 1 — rzzvntMv) 

\J\x-y\<r |g J2"-^r<\x-y\<2"rJ [\ X - y\ 2 + r 2 ) [ ~ n+l >' 2 

,MB^ + ^_r_^ Bix2kr)) 



(2 fc - 1 r) 



k>\ 
N 

< S(x,r) + ^2 n+1 - k 5{x,2 k r) + M ^ 2 n+1 - k 

k=l k>N+l 
N 

= 5(x, r)+Y^ 2 n+1 ~ k 8(x, 2 k r) + M2 n+1 - N . 
k=X 

Since P(x, r) > a5(x, r) we infer that 

N 

(a - l)5(x, r) < ^ 2 n ~ k 5(x, 2 k r) + M2 n+1 ~ iv '. 
k=i 

For N big enough we have M2 n+1 ~ N < C-^ 1 < 5(x,r), and so 

N 

(a - 2)5(x, r) < 2 n+1 ^ k 5{x, 2 k r), 

k=l 

which implies that there exists some k E [1, iV] such that 

5(x,2 k r) > 2- n - 1 (a-2)5(x,r) > 86(x,r) 
(recall that a = 2 n+A ). □ 

Lemma 8.5. Let \i be a Borel measure on M. d , F C M. d and B = B(x,r) 
such that 

(8.8) \Refi(y) -R £ n(z)\ < 5 for all y,z € F H3B and r < e < <r x r, 
and 

H(F HB)> Cfg 1 r n , n(B(x, t)) < Mt n for all t > r. 
Then we have 

I3oc,f(B) < £l , 

with e± depending on C15, 8, M , and e\ — > as 5 — > for each fixed C15, M. 

Proof. Let Ao, • • • , A n be balls of radius t like the ones in Lemma 18.21 with 
C r <t<r and /i(FnAj) > t (we apply Lemma [8721 to ^\fdb)- Consider 
z% € F n Aj for each i = 0, . . . , n. Given any I with r < £ < 5~ 1 r, by 
and Lemma 18. 'd\ for any y € F f] 3B we have 

< 89 > ^ l ^ c p^ s + W£t- 
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where L is the n-plane passing through zq, . . . , z n . 
Given e\ > 0, take s > r such that 

C r 2 £\r 

< — . 

s ~ 2 

Notice that S(x, s) > C(ei)5(x, r). By Lemma [8^1 we can choose £ > s such 
that s < £ < Ciqs (with Ciq depending on ei) and 

P(x, £) < 2 n+4 5(x, £) and P 2 {x, £) > C~ l 5(x, £) > C{ei)~ l 5(x, r). 

Moreover, if 5 is small enough then we also have £ < 5~ l r, so that (|8.9[) 
holds, and then we deduce that 

dist(y,L)<C(ei)6e+^f<Ce 1 r, 
if 5 < C{ei)- 1 . □ 



9. Construction of the Lipschitz graph for the proof of Main 

Lemma 17.11 

9.1. Leger's theorem. To construct the Lipschitz graph V we will follow 
quite closely the arguments of |Le2] . Recall that in this paper the author 
proves that if E C R d has finite length and finite curvature, then E is 
rectifiable (i.e. 1-rectifiable) . A more precise result is the following (see 
[Le21 Proposition 1.1]: 

Theorem 9.1. For any constant Cyj > 10, there exists a number r] > 
such that if a is a Borel measure on M. d verifying 

• (7(5(0,2)) > 1, supper C B(0,2), 

• for any ball B, o~(B) < Cigdiam(i?), 

• c 2 (a) < rj, 

then there exists a Lipschitz graph T such that cr(T) > <r(R n ). 

Let us remark that, although Leger's theorem is a 1-dimensional result, 
it easily generalizes to higher dimensions, as the author claims in [Le2| . 

Instead of an estimate on the curvature of fx, to prove the Main Lemma [7.1l 
we will use L 2 (/j.) estimates of Riesz transforms (by means of Theorem II .3p . 

9.2. The stopping regions for the construction of the Lipschitz 
graph. In the rest of the paper we assume that /i, Bq and F satisfy the 
assumptions of Main Lemma 17. II 

Notice that by Lemma 18.51 we know that there exists some n-plane Dq 
such that 

dist(x, Dq) < C5r for all x G F. 

Without loss of generality we will assume that Dq = R n x {(0, . . . , 0)} = M. n . 

As stated above, to construct the Lipschitz graph, we follow very closely 
the arguments from |Le2] . First we need to define a family of stopping time 
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regions, which are the same as the ones defined in [Le2, Subsection 3.1]. 
Given positive constants So, e, a to be fixed below, we set 

( (i) 5 F (x,t)>l6 

(ii) p ljF (x,t)<2e 
Stotal = { (x,t) G (Fn£ ) x (0,8r ), ( Dx , t( , 

(hi) 3D X , s.t. Py f 2£ ' and 

In the definition above to simplify notation we have denoted 8p(x,r) = 
8^ p (x,r) and f3i : p(x,r) = (3i ifl ^ F (B(x,r)). Also. D xt are n-planes depend- 
ing on x and t and 



Jy£F:\x~y\<3t t 

Let us remark that 8q, e, a will be chosen so that 0<£<a<(So<l. 
For i £ F fl Bo we set 
(9.1) 

h{x) = sup It > : 3y <E F,3t,^>t >^,x <E B(y,^) and (y,r) SW^ j 
and 

5 = {{x,t) G S to t a l ■ t > h(x)} . 

Notice that if (x, t) G S, then (x, t') G S for i' > t. 
Now we consider the following partition of F Pi Bo: 

Z = {xeFf]B : h(x) = 0}, 

F 1 = {x£FnB \Z: 3y G F, 3r G ^] , x G §), r) < 5 } : 

F 2 = {iGFn5 \(2UFi): 

3y G F, 3r g[^, ^f] ,x eB(y, §), ^(^r) > e} , 
F 3 = |x G F n B \ (Z U Fi U F 2 ) : 

3j/eF,3T€[^,?],xG §), Z(A^ £>„) > fa} . 

Remark 9.2. It is easy to check that if x G F3, then for h(x) < t < 100/i(x) 
we have Z(D x ^ x ^,Dq) > a/2, due to the fact that e <C a. See |Le2[ 
Remark 3.3]. 

The only difference between the definitions above and the ones in |Le2[ 
Subsection 3.1] is that we work with n-dimensional densities, /3's, and planes, 
while in [Le2j the dimension is n = 1. 

9.3. F2 is void. 

Lemma 9.3. If 82 is small enough in Main Lemma \7.1[ then F2 is void. 
Moreover, /3 o.F(2 ; ) r ) < s 1 for all x G F and r > 3/i(x). 
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Proof. By definition, since r > 3h(x), then (x, r) £ Stotah and then <5f(x, r) > 
8q. We set s := M\ro/S2- For y £ F with |x — y| < 3r and < r < ro/fo we 
have 

\R T /j,(x) - R T n{y)\ < \R TiS ii(x)\ + \R T;S fj,(y)\ + \R s fj,{x) - R s fi{y)\ 

(notice that r < s). By the smoothness of the kernel of R s and the assump- 
tion (b) in Main Lemma 17-H it is easy to check that 

iS r\ 5 i m <r M i\ x ~v\ <■ M i r o . 

s s 

Also, by (d) in Main Lemma 17, 11 since s < r§jb\ (for 82 small enough), we 
have 

\R T<s fi(x) \ + \R TtS fi(y)\ < 25 2 - 

Therefore, 

\RrH(x) - RrM\ < C62 
< r < vq/52, and so from Lemma \8.5\ we derive /? 00) p(x,r) < e 2 for all 
x £ F and r > 2h(x), assuming ^ small enough (notice that £2 may depend 
on 5q). In particular, this implies that F 2 is void. □ 

Let us remark that we have preferred to maintain the definition of F2 in 
the preceding subsection in order to keep the analogy with the construction 
in [Le2| . although here F2 turns out to be void. 

9.4. The Lipschitz graph and the size of F\. For x € W 1 we set 



d(x)= inf (\X -x\+t), 

(X,t)eS 



and for p £ D, 



0, 



D(p)= inf d(x)= inf (\U(X)-p\ + t). 

xen-!(p) (X,t)eS 

Notice that d and D are 1-Lipschitz functions. Moreover, h(x) > c?(x) for 
x £ F n i?o, and 

Z = {x £ F n B : d{x) = 0}. 

Observe also that d( ) is defined on M. d , and not only onFn -Bo. Moreover, 
d(x) > r if x £ 2B , since (X, t) £ S implies that X £ F n -B . 

The construction of the Lipschitz graph T is basically the same as the one 
in |Le2] . The only difference is that in our case the dimension is n > 1. So, 
we have: 

Lemma 9.4. There exists a Lipschitz function A : R n — > M. d ~ n supported on 
n(3B ) with || VAUoo < Ca such that if we set A(p) = (p,A(p)) for p £ E n 
and 

F = {xeF : dist(x,!(n(x))) < e 1/2 d(x)}, 

then we have 

KF \F) < Ce 1/2 fj,(F). 
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Moreover, 

(9.2) \V 2 A( P )\ < P GR n . 

D[p) 

See Lemma 3.13 and Proposition 3.8 of |Le2] for the details. 

Notice that if x ^ 2Bq, then d(x) > ro, and taking into account that 
Poc^iWBo) < e 2 , it turns out that F\2B C F (recall also that F C WB ). 

To tell the truth, the Lipschitz graph that is constructed in |Le2| needs 
not to be supported on H(3Bq), however it is not difficult to show that if 
one has a Lipschitz graph Aq satisfying the assumptions above except the 
one on the support, then one can take A = AqT] where r\ : M n — > M is a C°° 
function such that Xu(2B )V < Xu(3B )- 

Remark 9.5. To prove Main Lemma 17.11 we will show that if parame- 
ters So, a and e are chosen small enough, then fi(F n Bq) > c n r"^ (see 
Lemma [l0.5p and the sets F\ and F% are much smaller that ^(FPiBq). By the 
preceding construction and definitions, we have FDBq\ (F± U F2 U -F3) C T. 

Arguing as in \Le2\ Proposition 3.19], if £0 an d £ are small enough, we get 

Lemma 9.6. 

9.5. A technical lemma. The following is a technical result that will be 
used below. 

Lemma 9.7. If x £ F and y £M. d satisfy H(x) = H(y), then 

d{x) < d(y). 

and so 

d{x) « D{Tl{x)). 

Proof. The second assertion is a straightforward consequence of the first one. 
So we only have to prove that d(x) < d{y). Set t = \x — y\. We distinguish 
several cases: 

• If i < d(x)/2, since d(-) is 1-Lipschitz, it follows that \d{x)—d{y)\ < d(x)/2, 
and so d(x) d{y). 

• Suppose that d(x)/2 < I < ro and that d(y) < d(x)/8. By the definition 
of d(x) it turns out that there exists some (X, t) G S such that 

\X - x\ + t < 2d(x) < U. 

Notice that we also have (X, 6£) £ S (because t < ro), and thus 

by Lemma 19.31 If F>x$i stands for the n-plane that minimizes fl^^iX, 6£), 
since ^(Dq, Dx,ee) <C 1 and LI(x) = n(y), 

(9.3) \x-y\<2 [dist(x, D XM ) + dist(y, D XM )] < 12e 2 £ + 2dist(y, D XM ), 
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since iff. 

By the definition of d(y), there exists (Y, u) € S such that 

(9-4) \Y-y\+u<2d(y)<^< 1 -. 
Since 

\Y - X\ < \Y - y\ + \y - x\ + \x - X\ < I + £ + A£ = 6£ 
and Y € F, we also have 

dist(y, J D x , 6 £) <6e 2 ^, 
by Lemma 19.71 again. Therefore, by (|9~T 



Thus by 



dist(y, < |y - y | + dist(Y, D XM ) < l - + 12e 2 



|sc - y\ < - + 2AeH < i 
if e is small enough, which is a contradiction. 

• Suppose now that £ > r . Since F C 10B , P<x,f(WB ) < 1, IL(x) = U(y), 
and \x — y\ > ro, by geometric arguments it easily follows that dist(y,i ? ) > 
ro- This implies that d(y) > ro by the definition of d(y), and so d(y) > 
d(x). " □ 

10. The proof that F 3 is small 
10.1. The strategy. For x G M d , we set 

£{x) :=±D(IL(x)). 
Also, for any measure a we denote 

R i{-),r CT ( x ) := Ri(x) a ( x ) ~ Rr °{x)- 

For simplicity we have preferred the notation Rh\ ro a ( x ) instead of Rj}.\ ro a ( x )> 
although the latter seems more natural. 

Roughly speaking, the arguments to show that F3 cannot be too big are 
the following: 

F 3 big => ||V^|| 2 big => ll^^ll^^) big 

=^ 11-^4)^0^0560 IU 2 (rn4S ) bl S 

which contradicts the assumptions of Main Lemma IT. 11 

Let us explain some more details. The fact that ||Vj4|[2 must be big if F3 
is big follows from the definition of F3 . Loosely speaking, if x £ F3 , then the 
approximating Lipschitz graph has slope > a near x, by construction. As a 
consequence, we should expect ||VA||2 > a^F^) 1 / 2 (or a similar inequality) 
to hold. 
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The implication 

||V4|| 2 big => \\R x Hf T \\ L 2 ir) big 
is a direct consequence of Theorem 11.31 Finally, the implications 

WR^frh^r) big ||-R4),r ^lli 2 (M|F) bi § 

follow, basically, by approximation. For these arguments to work one has 
to control the "errors" in this approximation. In particular, the errors must 
be smaller than Ca^{F^) 1 / 2 . A key point here is that these errors depend 
mostly on the parameter e in the definition of F2 and we have chosen e <C a. 

10.2. The implication F3 big =4> ||VA||2 big. 
Lemma 10.1. We have 

/x(F 3 ) < Ca~ 2 \\VA\\ 2 2 + Ce 1/2 fi(F). 

Proof. For a fixed x E F3, consider the ball B = B(x,r), with r = 2h(x) 
(recall that h(x) was defined in (PTTjl ). Suppose that fi(BnF) > fi(BnF)/2. 
By Lemma 18.21 there are n + 1 balls Ao, . . . , A ra with radius t/C\2 such that 
(~l Aj) > C(5)^ 1 r n and for all (xo, ■ • • j x n ) G A x . . . x A n we have 
vol n ((x ,...,x n )) >C^r n . 
By Remark 19.21 we have /.(D XjJ .,Dq) > a/2. Then, it is easy to check that 

m B (\A - m B (A)\) > C^ar, 

since, for each i, Aj D F is very close to the graph of A and also very close 
to D x>r , and moreover e 1 / 2 «a. As a consequence, by Poincare inequality, 

m B (\VA\) > c - ^B{\A-m B {A)\) ^ ^ 

r 

Thus, for this ball we have 

Take now a Besicovitch covering of F% with balls Bi = B(xj,rj) as above 
(i.e. Xi G F3 and r, = 2h(xi)). Denote by Ii the collection of balls Bi such 
that nf)> n(Bi n F)/2. We have 

(10.1) a 2 ^ M (B; n F) < C WXB^AWl < C\\X7A\\ 2 . 

For the balls Bi in the other collection, that we denote by I2, we have 
li{Bi fl F) < n{Bi fl F)/2. Thus, 

ti(BinF\F) > ^(SjflF), »€/ 2 . 

So we get 

(10.2) ^ ^(B< nF)<2^ /x(Bi n F \ F) < Cfx{F \F)< Ce 1/2 fi(F). 

ieh i 

The lemma follows from (|10.ip and (|10.2p . □ 
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10.3. The implication \\VA\\ 2 big H^O^I^r) big. This is a direct 
consequence of Corollary 11.41 Indeed, recall that we showed that 

(10.3) \\R x (HmLHD « l|V^|| 2 , 

assuming that HV-AHoo is small enough, which is true in our construction if 
a < 1. 

10.4. The implication ||^(Wp)|| i2(r) big jW? n5 B )||#(iYi4Bo) 
big. 

Lemma 10.2. 

||J2- L (7^r)][x,2( r ) < ||^(.),ro^rn5B )lli 2 (rn4Bo) + Ca 2 r^ 2 . 
Proof. Recall that supp(A) C 3^0. We set 

\\ R Cftr)lk 2 (r) < ||X4B -R C^rn5s )IU 2 (r) 

+ \\xAB RHn^\ hBo )\W{T) + \\xr\±B RHK)\\LHr) 
= 1 + 11 + III. 

Let us see that the terms II and III are small. We consider first II. 
Given x G 41?0) we have 



\R x (n^ 5Bo )(x)\ < [ ^—0dn n (y) 

J y&:\y—x\>ro l x £»l 



dist(x, L> ) < dist(g,D ) 



If we square and integrate the last estimate on 4Bq, we get 

II 2 <^r(2B ) 2 rS<e 2 rl 

To estimate the term III we take x G T \ 4I?o = -A) \ 4-Bo ( so * = 0), 
and we set 

'^ww £ / -J TR <*"<»> 

Jy&V \ x ~ V\ Jyerr\3Bo \ x — V\ 



1 



[r + \x- x \) JyevmBo 

r n+l 

< A,r(2S ) 



dist(y, D )dH n (y) 



(r + \x- xo|) n+1 
Squaring and integrating on Dq \ AB$, we obtain 

III 2 < /3i,r(2 J Bo) 2 r n < ^1 
To deal with the term /, given x G T n 4i?o, we set 

l^(Wrn 5 Bo)WI < l<^)(Wrn5B )(z)l + I^W W rn5B )(*)l 
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We consider first the term |^4(^rn5-B )( x )l' f° r 1 ^ fl 41?o : 

J yern5B :\y-x\>r /2 F — V\ 

^t( X ,D )^t(y,D Q ) dnnAy) < 



< 



s/ern5B 



So we get 



(10.4) ||X4B <(Wrn5 Bo )ll2*(r) £ /W(2£o) 2 r n < 

To estimate |-R^( a ,)(Wp n5Bo )(x)| we will use the smoothness of T on the 
stopping cubes. That is, we will use the estimate (|9.2p . Notice first that 



Ro,i(x)('H-rr\5Bo)( x ) — Ro,£(x)(^-t)( x ) 

for x G 4.B , since £(x) < r . So if we set x = A(p), y = A(q), with p,q G R 71 , 
we have 

(10-5) 

=/(i - ^><^ 

where dq stands for the n-dimensional Lebesgue measure. We denote by 
S(x) the integral on the right hand side of (I10.5p . and we set 

K ' J V *\D(p)/10J) \A(p) - A(q)\ n+1 

ff,f P-Q \ , f A(p) - A(q) ^\ A{p)-A{q) j 

+ J {<dwto) - <-Dmr) ) \A( P) -A(q)r dq 



, x £>(p)/io V |2( P )-l(g)| n+1 

= S 1 (x) + S , 2 (x) + S 3 (z). 
Recall that by Remark 16.21 we have 

\\J(A)-ih< ||v^||oo||va|| 2 . 

So, by the L 2 boundedness of Riesz transforms on Lipschitz graphs we get 
(10-6) ||5 3 || 2 < ||V4|U|V,4|| 2 . 

To deal with 5 2 notice that 

(10.7) | \A(p) - A(q)\ -\p-q\\< \A(p) - A(q)\ < Ca\p - q\ <\\p - q\, 
and so 

\\p-q\ < \A{p)-A{q)\ < 2\p-q\, 
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Since ip(z) = if \z\ < 1/2 and ip(z) = 1 if \z\ > 1, we deduce that 

n^vioJ-n d( P )/io ) =0 

if \p — q\ < D(p)/40 or \p — q\ > D(p)/5. Moreover, from the mean value 
theorem and (|1U.7|) . 



< Ca\p - q\ 



i ( p ~ q \ _ / f ^M ~ A ( q h 

V \D(p)/w) V \ D(p)/10 ) 

Thus, 

a\p-q\ \A(p)- A(q)\ 

lD(p)/4D<\p-q\<D(p)/5 D (p) \P ~ 1 



Dip) 



« 2 r 1.2 



< / — — r dq < a . 

D lP) JD(p)/M<\p~q\<D(p)/5 \P-q\ n 

Therefore, 

(10.8) ||5 2 || 2 <a 2 r n/2 . 

We are left with the term Si(x). By Taylor's formula, we have 
A(p)-A(q) 



)p-q\2 + \A(p)-A(qW) {n+1)/2 



^f^^^^^^)-A { q)). 
k=0 ' W y| 

The series is uniformly convergent since \A{p) — A{q)\/\p — q\ < Ca <C 1. 
Notice that the integrand in S\ vanishes if \p — q\ > D(p) /10. On the other 
hand, by Taylor's formula and (19. 2j) we also have 

A(p) - A(q) = X7A(p)(p -q) + E(p,q), 

with 

(10.9) \E(p,q)\<C sup \V 2 A(z)\\p- q\ 2 

z£B{p,D(p)/W) 

2 „„_ 1 ^ e \p- 1\ 2 



2k 



< £\p — q\ sup 



< 



*6B(p,B(p)/10) D ( z ) ~ D (P) 
since D(-) is 1-Lipschitz. Then it turns out that 

(A(p) - A(q)) \A(p) - A(q)\ 2k = VA(p)(p - q) \V A(p)(p - q)\ 2k + E k (p, q), 
witlfl 

\E k (p,q)\<Ce2~ k lP . 



2 For this estimate we take into account that ||Vj4||oo + £ < 1/4 and we use the fact 
that (a + b) m = a m + c, with |c| < 2 fc |6| max(|a|, |b|) m_1 . 
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We have 



oo , 



2k-l)l\ 



2 k k\ 

k=0 



p-q \ \ VA{p){p - q) \VA(p)(p - q)\ 2k 



D(p)/WJ J \p- q \n+2k+l 
~ (n + 2fc-l)!! f E k (p,q) 



k=Q 2kkl J\ P - q \<D( P )/io\p-q\ 

Notice that the first sum on the right side above vanishes because each 
integral in the sum equals zero by the antisymmetry of the integrand. We 
obtain 



fc=0 

oo 



<\ P -q\<D(p)/lO \P ' 

(n + 2k-l)\\ f e 



4 fc fc! J\p-q\<D(p)/lO D(p)\p-q\ n 1 



fc=0 * ftl J\p-q\<D(p)/10 

(ra + 2fc-l)H 

fc=0 

From ([Tim . (jiTTHj) . <fTTTH|> . and (fluTTUj) we deduce that 

IIXiBo^jCWFnsBoJII^CT) < llVAIIocllVAHa + a 2 r " /2 < a\ n J 2 

because a 2 <C e and ||VA||2 < a^ 2 , since A is supported on II(3-Bo)- 
Therefore, by (fluTil) . 

/<C7(, + a 2 )r " /2 <a 2 r n/2 . 

The lemma follows from the preceding estimate and the ones obtained above 
for the terms II and III. □ 

10.5. The implication ||-R^.) )ro (W? n5Bb )||ia(m4Bo) bi S => \\ R i(-),r ^Fh 2 (r) 
big. This implication is one of the most delicate steps of the proof that F% 
is a small set. Let <p : W 1 ->Rbea smooth radially non increasing function 
with ||^||i = 1 such that supp(</?) C B n (0, 1) and ip equals 1 on B n (0, Co) for 
some < Co < 1 which may depend on n. As usual, for t > we denote, 

<p t (x) = ^(|), xeR n . 

Then we consider the function g : R n — > M given by 
g(x) = ip £ i/A D{x) * U#(p\p)(x). 

We will show below that g{x) dx is very close to the measure dx on B(xo, 6ro), 
in a sense. 

First we need the following preliminary result: 
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Lemma 10.3. For all x,y G M. n , 

\<PeV*D(x)(* -V)- <P e V*D{ y )(? -V)\Z {£ l/A D{y)) n XB(0,Ce^D(y))^ ~ V)- 
Proof. For any z G R n and s, t > with s « i, 





1 


1 




\ 1 


< 












s n 







^ Cls-*l 





c 


Z 


z 


(!) 




s 


~ 1 



< 



C\s-t\ 



Q n+1 



since we may assume that \z\ < s. As a consequence, 

C\s — t\ 

\<p s (z) ~<Pt(z)\ < gn+1 Xb(o,Cs)(z)- 

We set s = e 1/4 D(y) and t = e 1/4 D(x). Notice that <p £ i/4 D{x) (x - y) + 

implies that \x — y\ < e 1 ^ 4l D(x), and then it turns out that D(x) ~ D(y). 
Of course, the same happens if <p £ i/4 D r y \(x — y) ^ 0. In both cases we have 

|g-*l = IgOg) - D (v)\ < k - yj < i/4 

Therefore, 

l^i/4D(x)(^ - V) - Ve^D{y){x ~ V)\ S ( £ l/ 4£) ( y ))n XB(0,C e V*D(,,)) 0* " J/)- 

□ 

Lemma 10.4. Let v be a Borel measure on W 1 such that 

v(B(x,r)) < r n for all x € supp(z^) and r > nr®. 

For any 5 > 0, if n > is small enough, we have 

u{B(x,r)) < (1 +5)r n for all x € R n and r > r . 

Moreover, n only depends on 5. 

Proof. Given a ball B(x, r) with r > ro we can consider a family of disjoint 
balls Bi contained in B(x,r) centered at points in supp(z^) with radii rj > 
r/ 1 / 2 r, such that 



balls Bi contained in B(x,r) centered at points 
r/ 1 / 2 r, such that 

r(%r)\U5,)<^, 

i 

assuming that n is small enough. Then, 
(10.11) 

u(B(x, r)) = "{Bi) + v (B(x, r) \ (j B^j < r n + u(b{x, r) \\J B ). 

i i i 
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We consider now a Besicovitch covering of supp(z^) PI B(x,r) \ Ui^i with 
balls B'j centered at points in supp(^) n B(x,r) \ \J i Bi with radii r'j = rjr 
for all j. Then we have 
(10.12) 

u(B(x,r)\\jBi) < £>(^) < E( r p n ^ CC n (u w (B{x,r)\{jB t )), 

i j j i 

where U rjr {A) denotes the ^-neighborhood of A. We have 

U w (B{x,r)\{jB^ C ( K B(x,r)\[jB^UU rir (dB(x,r))u\JU rir (dB l ), 

i i i 

and so 

C n (lJ„J R(x.r) \ I \bM < 



C n (U v (B(x, r) \ |J B^) < -r n + C V r n + C £ r?" V)- 



Since r/r < r] 1 / 2 ^ for all i, we get 

rk(5(x,r)\Ufi,)) < (^ + C^Wcy/ 2 ]Tr? 



.2 ' ' / - V2 
From (jlO.lip and (jlO.lip we infer that 

u(B{x,r)) < (l + 5 - + Cr, l ^y n , 
and the lemma follows if r\ is small enough. □ 

In next lemma we show that g is very close to the function identically 1 
on 8Bq. We also prove that /i(F n Bo) is big, which was already mentioned 
in Remark 19.51 



Lemma 10.5. If e has been chosen small enough and 5\ < a 2 (where 5\ is 
the constant from (a) and (b) in Main Lemma \7.1\ ), then we have 
(10.13) 

n # 0u |i? )(B(p,r)) < c n (l + ca 2 )r for all p £ R n and r > e 1 / 2 D{p), 

(10.14) < g(p) < 1 + C 20 a 2 for all p£R n , 

(10.15) \\x8B (g ~ <Ca 2 r%, 
and 

(10.16) \\ X 8B (g -1) ||a < Car n J 2 . 
Also, 

~ 99 

(10.17) ^(FnB )>— c n r ". 
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Proof. First we will show fjlQ. 13|) . Since for all x € Tl~ 1 (B n (p, t)) n F (recall 
that B n (p,r) is an n-dimensional ball in K n ), we have (3oo,F( x ,t) < Ce for 
i > D(p), we infer that there exists some n-plane L such that 

n 4 (B„(p,r))nFc U C£l/2r (L) if r > e V2£)(p). 

Further, by construction, the n-plane L satisfies Z(L, K n ) < Cot. All to- 
gether, this implies that there exists some ball B(z,R) C M d , with 

R<{1 + Csin{a) 2 ) 1/2 r + Ce 1/2 r < (1 + Ca 2 + Ce 1/2 )r, 

such that 

If p € n(F), then we may take z £ F, and so by the assumption (b) in the 
Main Lemma EH 

n#M|j?(fln(p, r)) < R)) < c n (l + + Ca 2 + Ce^ 2 ) n r n 

(10.18) < c n (l + Si + C 2 ia 2 )r n 

for r > e^Dip) (recall that e 1/2 < a 2 ). 

Consider now the case p g 11(F). Suppose that e l ^D(p) < r < D(p) and 
let v = n # u |i?nB(pD(p)/10) . By (ll(U8J), 

v(B(z,r)) < c n (l + 5! + C 21 a 2 )r n 

for all z € supp(i^) and r > e l l 2 D(z) ~ e l / 2 D{jp). From Lemma 110.41 we 
deduce that 

v(B(p, r)) < c n (l + <5 a + 2C 21 a 2 )r™ 
if r > co£ 1//4 -D(p) and e is small enough (recall that Co was defined at the 
beginning of the current subsection). 

To prove (|10.14j) for a given p € M n , let ^ : K -> K be such that V(M) = 
<P s i/iD(p) (q) and denote a = n#(//,^). We have 

//*oo /*oo 
4>(\P- q\)dcr(p) = - / ip'(r)drda(p) 
JO J\p-q\ 

POD 

(10.19) =-/ n # ^(B n (p,r))V'(r)dr. 

JO 

Notice that 

ff (B„fe r )) = n # ^(B4 P , r ))=#- 1 (B„( P ,r))nF). 

Moreover, supp(V>') C [co£ 1//4 -D(p), E l l A D(p)], and so 

/•£ 1 /4 D (p) 

5(P) = - / u(n- 1 (B n (p,r))nF)V'(r)dr. 
Jcoe 1 / 4 !)^) 

Thus, 

/ . £ 1 /4 fl(p) 

\g(p)\ < Cn(l + $i + 2C 21 a 2 ) / r n |^'(r)l dr = l + 6x + 2C 2l a 2 , 

Jc £ 1 / 4 -D(p) 
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and (|1().14|) follows. 

Now we turn our attention to (110. 15j) . First we will show that 

(10.20) f g(p)dp > (1 - cV/ 4 )£ n (8£ n R n ). 

JB n {xo,8ro) 

Since D(p) < 9tq for all p G U(8Bq), we have 
(10.21) 



g(p)dp= ip £ i/4 D() *a{p)dp 

B n {x ,{8+9e 1 / A )r ) J B^xotf+teV^ro) 



p6B n (xo,(8+9£ 1 /4) ro ) 



W/4D( P )(P- q)d°(q)dp 
> I I <p £ i/4 D{p) {p-q)dpda{q). 

J q£B n (x ,8r ) J 

Recall now that by Lemma 110.31 

\<P e V*D(p)(P -<l)- <P £ i/*D( q )(P - ?)l Z ( £ l/4 D(g)) n XB( q ,C^D( q ))(P)- 

From this inequality and (|10.2ip we get 
(10.22) 

/ g(p)dp> ip e i/4 D , ) (p-q)dpda(q) 

^B„(i ,(8+9£ 1 /4) ro ) JqeB n {x ,8ro) J 

/ i C n {B{q,Ce 1 l 4 D{q))) 



l q eB n (x ,Sr ) {e^D{q)Y ^ 

= (l-Ce 1 ^)a(B n (x ,8r )) 

^(l-C^/^^n^cSro)). 

The last inequality follows from the assumption (a) of Main Lemma [7. II and 
the fact that fi(F \ F) < e 1 / 2 ^(F). Inequality ([TCTJ) is a consequence of 
(I10.22|) and the estimate \\g\loo < 2 (bv (ll0.14l) V 

The estimate (|10.15p is a direct consequence of (|1Q. 14j) and (|10.20|) : 



|(1 + C 20 a 2 ) - g{p) | dp = / ((1 + C 20 a 2 ) - g(p)) dp 
n(8B ) ^n(8B ) 



(l + C 20 a 2 )C n (U(8B ))- / g(p)dp 

JU(8B ) 



< (C 20 a 2 + Ce 1 ' A )C n (Ii{8B )). 



Thus, 



I |1 - g(p)\dp < (2C 20 a 2 + CeV*)C n (IL(8Bo)), 
Jn(8B ) 

and so we get f j 1 . 1 5 1) if e is small enough. 
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On the other hand, (I10.16|) is a direct consequence of (110.150 : 

/ \l-g(p)\ 2 dp< (1 + lbHoo) / \l-g( P )\dp<Ca 2 r%. 

JU(8B ) Jn(8B ) 

Finally we deal with (|10.17p : if we argue as in (|10.21j) and (|10.22j) . with 
B n (x Q , 8r ) \ B n (x , j^ro) instead of B n (x , 8r ), we get 

<t(II(8Bo) \ n(^So)) < / g(p) dp + Ce 1 ^ 

JB n (a ; o,(8+9 E l/4) ro )\ Bn ( a;0i (l_9 £ l/4 ) 999_ ro) 

< c„(l + Ca 2 W - «» )rff + Ce 1/4 r ". 
Since /j(F n -Bo) > CT (n(yggQ--Bo)) ^ Poo,f(Bq) is small enough, we have 

n B ) > <r(n(8B )) - <r(n(85 ) \ n(^s )) 

> c n 8V™ - Ce x l\l - c„(l + Ca 2 )(8" - ^)r% - Ce 1 '^ 
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if a and e are small enough. □ 
Recall that II stands for the orthogonal projection of R d onto Dq = R n , 



and a = IL^/i,^. We also denote by P the projection from R onto T which 
is orthogonal to Dq = R n . Moreover, for x G T we set 

*<„)- 9(n(l '» 



XA(II(a:)) 

so that h(x) d?iV^(x) is the image measure of g(x) dx by P. 

Lemma 10.6. If f : R d — > R is a function with supp(/) C 5i?o ; ^en we 

(10.23) 



f(x)h(x)dH n (x)- f(x)dfi(x] 

P(5B ) J5B nF 



< 



+ 



f{A(p))b{p)dp 

pen(6S ) 



( n\f(A(p))-f(A{q))\do-(q)dp 



'5B nF 

where b(p) is some function satisfying ||6||oo ^ e 1 ^ 4 . 



_|/(P(x))-/(x)|d M (x), 
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Proof. We have 

f fhdH n - [ __fd^ 

JP(5B ) J5B r\F 



f(A(p)) g(p) dp - / f{A(p)) dU #f i p (p) 
n(5s ) Jn(5B ) 

[ f(P(x)) diM(x) - [ fix) d^x)) =:S + T. 

J5B nF J5B nF J 



+ 

For this identity we took into account that 

/ f{A(p)) <m#iM, p (p) = [ f{x) dP^pix) = [ _ f(P(x)) dfxix) 

JU(5B ) JP(5B ) J5B nF 

To estimate the term S we recall that 

g(p) = <p e i/*D(p) * n #(/^i?)0) = <p e u*D(p) * °"(p)» 

and so 



S= f(Aip)) <p s i/* D(p) ip - q) daiq)dp - / da(q) 

[/(A(p)) - /(1(g))] tp e vi m ip - q) da{q)dp 

pGn(6S ) 



since 



+ / / f(Mp)) VPeV*D(p){P -l)- V e i/*£»(,)(P - ?)] doiq)dp 

J Jp&U{6B ) 

-: Si + 52, 

/ W/4D(a)(P~ l) d P = 1 for q £ supp(/ o A). 

J P m(6B ) 

Clearly, we have 

\p—q\<£ 1 ^ 4 D(q) 

To deal with S2 we denote 

Hp) = J [v fi V*r>(p)(p - 9) - P s i/<u( g )(P ~ ^)] dfT (<?)- 
By Lemma 110.31 

IKp)| ^ 1/4g( ^ C ^ (g)) ^ ^ 

Concerning the term T, we have 

\T\ < [ \f(Pix))-fix)\dfi(x). 

J5B nF 



□ 
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Lemma 10.7. 

W R i(-),r (^\Fn5B ^ ~ R e(-),r ( h ^-trr\hB )\\L 2 (VnABo) < S 1 ^^ 2 . 
Proof. For any x € T n ABq we have 

B{x) := Ri^ ro (^ n5Bo )(x) - Ri ( . lro (hH^ n5Bo )(x) 

j/eFn5B JyeP(5B ) 
To estimate B(x) we apply Lemma [10.6l with f{y) = Kj^ x j ro (x — y), for each 
fixed x € rn4B . To simplify notation, we set F{x,p) := Kj?-, rQ (x — A(p)). 
The first term on the right side of (|10.23p for this choice of / is 

Bl{x) := / jkn(6B„) ( £ ^D( q )) n \ F{x,P) ~ F{x,q) ^ da ^ dp ' 

|p— (j|<e 1 - /4 Z3(g) 

For p, q satisfying \p — q\ < e 1 ^D{p) < e l / A D{q) we have 

e l / 4 D{q) 



\F(x,p) - F(x,q)\ < 



. n+l " 



Moreover, 

£>(<?) < 10£(x) + |-D(g) - W£(x)\ < 10£(x) + 10|n(s) -q\< £(x) + \x- A(q)\, 
since D(H(x)) = W£(x) and Z) is 1-Lipschitz. So we get 

e^ 4 D{q) 



\F(x,p) - F(x,q)\ < 



[D(q) + \x-A(q)\) 



n+l 



Thus, 



e 1 l i D{q) 



\Bi(x)\< / tt do~(q) 



< 



7n+l d ^ Z ) 



(10.24) Sf{x) = [ „ - / 1 ^ (z) „ n+1 /(*) dM(«), a; e rn4B . 

Jz&FcaBn i£(z) + \X — Z\] 



'zeFn7B (£(z) + \x - z\) 1 
Consider now the operator 

lz£Fn7B (£(z) + \x — z\Y 
It is easy to check that its adjoint satisfies 

\S*f(z)\ <e^Mf(z), 
where M stands for the Hardy-Littlewood maximal operator 

Mf(z)=svL V \[ \f\dH n , 

r>0 r J B(z,r)nrn4S 



PRINCIPAL VALUES FOR RIESZ TRANSFORMS AND RECTIFIABILITY 39 

which is bounded from L 2 (T n 4£>o) into L 2 (fi^p n7Ba ), and so 

ll<5*llL2(rn4B ),L 2 (A t | i ? n7So ) ~ £l/4 - 

Therefore, S : L 2 (p>^p n7Bo ) — > L 2 (rn4B ) is bounded with norm < e 1 / 4 and 
then 

c ern4B \J y eFnTB d(y) + \y - x^ 1 J 
Thus, 

II d II 1/4 ra /2 

ll-Di||L 2 (rn4 J B ) ~ e r o • 
We deal now with the second term on the right hand side of (|10.23p . with 



B 2 (x):= / K^ ro (x-A(p))b(p)dp. 

By the L 2 -boundedness of Riesz transforms on L 2 (T) and the fact that 
Halloo < e 1/4 , we get 



l^2||L 2 (rn4B ) ~ Ilxn(6s )^ll2 ^ e 



1/4 n/2 







Finally we deal with the third term on the right side of (|10.23p : 

Mx) = I jK± x)>ro (x - P(y)) - Kt {x)tTo (x - y)\ d^x). 

J5B nF 

Since 

1 



\^Kf {x) (z 



< 



i{xhroK n ~ (e(x) + \z\) n+1 

for all z G R d , and \y - P(y)\ < Cdist(y, T) < Ce 1 / 2 d{y) for y G F, we 
deduce that 

\y-P(y)\ 



\ K £(x), ro ( X -V)- K t(x),r ( X - P (y))\ ~ 

(^(x) + |y- x|) 
e 1/2 %) 

~ (^)+i y -*ir +r 

Therefore, 

e 1/2 d(y) 

7^1 My)- 



< 



< 



lyeFnsBa (£(x) + \y- x\) 
Recall that £(x) = 10D(Tl(x)), and since D{-) is 1-Lipschitz, 

£>(n(y)) < £)(H(x)) + |z - y| = lM(x) + \x - y\. 
For y G F, by Lemma [9771 we infer that d(y) « Z?(n(y)), and so 

rf(y) ^ ^0*0 + k - 2/1- 
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(10.25) Tf(x) = I _ .,n+i My) 



Thus, 

mho™*,) s [ (f - j7, ^ {y \^ My) ) 2dnn{x) - 

Jxern4B \Jy€Fn5B (d(y) + \y — x\) J 
Let T : L 2 (fi^p n5BQ ) —> L 2 (T n 4£?o) be the following operator 

e l ' 2 d{y) 

j/Gi?n5B (c%) + \y - x\Y 

Arguing as in the case of the operator S from (|10.24[) . it is easy to check 
that T : L 2 (^ |i?n5Bo ) ^ L 2 (Tn 4B ) is bounded with norm < e 1 ^ 2 and then 

/ ( [ ~ < -, '^^L+i Mv)) 2 dH n {x) < eH n (T n 45 ) 

JxerniBo \JyeFn5B [d(y) + \y — x\) J 

< pr n 
^ £r ■ 

Thus we obtain 

ll d ll 1/2 n/2 

ll^3|[L2(rn4B ) ~ £ r ■ 

If we add the estimates obtained for B\, B 2 and B3, the lemma follows. □ 

Lemma 10.8. We have 

(10.26) 

\\ R i(-),r ( hdn [rn5B ) - R e(-),r n frn5B \\L2(m<iB ) ^ a 2 ||VA|| 2 + a 2 r^ 2 . 

Let us remark that, for the arguments in Lemma 110.111 below, it is im- 
portant that the last term on the right side of (|10.26p is a 2 r^ 2 instead of 

n/2 

ar Q ' , say. 

Proof. By Lemma 16. II we have 

H- R i(-),rolli 2 (rn4Bo),L 2 (rn4Bo) ~ ll Vj4 lloo- 

Thus 

W R l(-),r ( h dH™ rn5Bo ) - Rj{.) tro 'H[m5B \\L 2 (m4B ) < ||V^4||oo||^- l||L 2 (rn6B )- 

On the other hand, writing p = H(x) we have 

g{p) 



\h(x) - 1| 



J(A)(p) 



< 



gyp) 



J(A)ip) 



\g(p) - M 



ar. 



n/2 



' 



Recalling that ||J(A)-1|| 2 < HVAIU) VA\\ 2 and ||xn(8Bo)(5-l)lla < 
we get 

\\h - l||L2 (rn6iJo) < a|[ VA|| 2 + ar™ /2 , 

and thus 

ll^4),n)(^^rrn5B ) ~ R il-),r '^rn5B \\L a (rn4B ) ^ a 2 \\VA\\ 2 + a 2 r^ /2 . 

□ 
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10.6. The implication ||P^.) jro Mi?lk 2 (r) big => WR^^^l^^f) bi S- Re- 
call that on 4i?0) the image measure of P^/i.p by II coincides with a and 
that hdTi™ rn5Bo = P#[g{x) dx) , with g{x) = (w/ 4 D(a:) * We denote 

Gi = {p G 11(850) : s(p) > 1/2}, 

and 

G = P(Gx). 

Lemma 10.9. We have 

H n (Tn6B \G )<a 2 r%. 
Proof. By f 1 1 . 1 5 j) we have 



Thus, 



\g -l\dx < Ca 2 r%. 

n(8B ) 

£ n (U(8B ) \ Gt) < C n {p G n(8 J B ) : \g{p) - 1| > 1/2} 
< 2 



n(8S ) 

It is clear that then we also have 

H n (rn6B \P(G 1 ))<a 2 rl 



□ 



Lemma 10.10. 

W R i-),nM\Fn5B )\\L 2 (rn4B nG ) £ \\ R e(-),r (^|Fn5B ) Hi 2 (M|i?n4Sn) + £l/8r o /2 - 



Proo/. We denote f(x) = R^.) :ro (^\ 5Bon p)(x)- Since h(x) > 1/3 on G , we 
have 



L 2 (rn4B nG ) 



< 



3 f \f\ 2 hdH n 

JTr]4B 



< 3 



\f\ 2 hdH n 



rn4S 



\f\ 2 dfi 



Fn4B 



+ 3 



\f?dix. 



FniB 



To prove the lemma it is enough to show that 



(10.27) 



I :-- 



\f\ 2 hdH r 



rn6B 



\ffdfi 



Fn6B 



< -1/8 _"/2 
~ 6 '0 • 



To this end we will use Lemma 110.61 with \f\ 2 instead of /, and with 6 -Bo 
replacing 5Bq, and 7Bq replacing 6-Bq- Notice that supp(/) C 6-Bq- It is 
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clear that Lemma 110.61 also holds in this situation. So we have 
^ C // e n (7 B ) ( g l/4j (q) )» H/W)' 2 ~ \f(A(q))\ 2 \do( q )d P 

p — qr| <£ 1 / 4 Z3((jr) 

\f(A(p))\ 2 b(p)dp 

/ P en(7B ) 

C/1 + /2+/3, 



+ J|/(P(x))|^-|/(x)n^(x) 

iBqCiF 



where b(p) is some function satisfying ||fr||oo ^5 £ • 

First we estimate Ji. Setting 
(10.28) 

\\f(A(p))\ 2 - \f(A(q))\ 2 \ < \f(A(p)) - f(A(q))\ X (\f(A(p))\ + \f(A(q))\) 
and applying Cauchy- Schwartz, we get 
(10.29) 

^ (//en™ ( e i/4j (q) )» ~ /(^(g))| 2 ^ W V2 

|p— g|<£ 1 / 4 D(<7) 

' (l/0W)l + l/(^(9))l) 2 ^(?)* V ' " 



(el/4D(,)) ' 

— f 1/2 x T 1/2 

— ■ i l,l x z l,2 • 

To estimate Ix,l notice that if \p — q\ < £ 1 ^D(q), then 
(10.30) 

\f(A(p))-f(A(q))\ = \Rj- { . lrA5Bon ^A(p)) - Rj- ( . lnA5Bon? (A(q))\< 6 1 / 4 . 

For this inequality notice D(p) ~ D(q) because \p— q\ < e 1 ^ i D(q), and recall 
also that £(x) = WD(H(x)). We leave the details for the reader. Therefore, 

/L(7B ) 7^7i^|/(^))-/(^))| 2 ^)* 



\p-q\<£ 1/4 D(q) 



To deal with Ji^ we set 
(10.31) 



IS ^ ( / Ln(7B ) T^T^T l fl i).n.^|5fl nP i ( A (P))| 2 <M?)dp) 

|p-g|< £ 1/4 ^(9) 1 {q)> 



1/2 



- r 1 ^ , rl/2 
"• J l,2,a "T - , l,2,fe- 
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Concerning Ix,2,a-, we have 

^la < ( I f s K)^B nP^ P ))\ 2 dp) < r n '\ 
\J p£U(7B ) / 

by the L 2 boundedness of Riesz transforms from L 2 (/X|^) into L 2 (T). For 
the last integral in the right side of (|10.3ip we take into account that D{p) ~ 
D(q), and then we get 

(10.32) 

$Sfi *([, , K)^\BBonP^(9))\ 2 Mq)) 

\Jq£n(7.5B ) J 

= C([ \f(A( q ))\ 2 da(q)) 1/2 <c([ \f(P(y))\ 2 d^(y)) 1/2 

\Jqen(7.5B ) J \JyeSBo ' J 

<c([ \f(P(y)) - f(y)\ 2 d^(y)) 1/2 + c( [ \f(y)\ 2 d^(y)) ' 

Using the L 2 (fi^) boundedness of Riesz transforms, the last integral is < Tq . 

For the first one we argue as in (|1Q.30|) : given y € F, we have \y — P (y)\ < 
e 1 / 2 d(y) at e 1 ^ 2 £(y), and then it easily follows that 

\f(P(y)) - f(y)\ = K),r ^ Bo nF( p (y)) ^ 

Therefore, the first term on the right side of (|10.32p is bounded above by 
£ i/2 r «/2^ an( ^ gQ j^/ 2 b < r^ 2 , and thus ^ r o^ 2 - Recalling that Ix t i < 
e 1 / 2 ^ , we deduce that 

h < e 1 '^. 

To estimate the integral I2 we use the fact that ||6||oo ^5 s 1 ^ 4 ) an d so 
h<e 1/A ! \f(A(p))\ 2 dp. 

JxeU{7B ) 

The last integral is similar to Ix t 2 at an d thus we have 

To deal with ^3 we argue as in (|10.28p and, similarly to (|10.29p . we infer 
that 



(10.33) h < ( [ \f(P(x)) ~ f(x)\ 2 d^x)) ' 

\Jx€7B nF J 



xe7B nF 



\\f(P[.r))\ + \f(.r)\\ 2 d^x)) 12 =:I^Xllg. 
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The integral I^i is similar to the first one on right side of (110, 32|) . and so 
we have 13,1 < e 1 ' 4 ^. For 1^,2 we set 

h,2<( I Jf(x)\ 2 dn(x)) ' + ( [ Jf(P(x))\ 2 d^xf 

\Jx£7B nF J \Jx£7B nF 

The first term on the right side is bounded above by C r^ 2 , by the L 2 (fi^) 
boundedness of Riesz transforms, and for the second one we write 

1/2 



S:= ( f Jf(P(x))\ 2 dfi(x) 



, n 1/2 , x 1/2 

</ \f(x)\ 2 d^x)\ + / |/(P(x))-/(x)| 2 dMx) . 

Jx£7B nF J Jx€7B nF J 

As above, the first term satisfies < r^ 2 , and the second one coincides with 

l\^ 2 , and so we have S < r^ 2 . Thus, 1^2 ^ r o^i an d then ^3 < e 1 ^ 8 ^. 

If we gather the estimates obtained for I\, I2 and ^3, (|lU.27p follows and 
we are done. □ 

10.7. The proof that F 3 is small. 
Lemma 10.11. We have 

Proof. We will use all the results obtained Subsections 110. 21110.61 From 
(|10.3p and Lemma fl 0.2 1 we deduce 

(10.34) \\VA\\ 2 < ll^.), ro (WFn5B )ll^(rn4 S o) + Ca 2 r n /2 . 

By Lemma [10.9l and since Rh.\ ro is bounded in L A (T) with norm < |j V^4||oo < 
a, we deduce 

1 1 R h- ) ,ro ("^rn5B ) 1 1 L 2 (rn4B \G ) 

^ ll jR 4)^o^rn5 J Bo)lli 4 (rn4B ) ^™( r n 4B ° \ G o) 1/2 
< o 2 w n (r n 5£ ) 1/2 ^ n (r n 4# \ G ) 1/2 < a 3 r£. 
From this inequality and (|10.34|) we derive 

\\VA\\ 2 < ||< )iro (^n5Bo)IU 2 (rn4 B onGo) + c?' 2 ^{F) l '\ 
since «<Cl. This estimate and Lemmas 110.71 and 110.81 imply that 
||VA|| 2 < lli^.^/x^^ 

Thus, if a is small enough and e 1 / 4 < a 3 / 2 , we get 

l|VA|| 2 < ll^.),r ^|i?n5B lli 2 (rn4B nGo) + a 3/2 fi{F) 1/2 . 
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Together with Lemma IIP. II this implies that 
(10.35) 

M(*a) < «- 2 ||V^||i+£ 1/2 /x(^) < «" 2 H^ J (.) 1 roM|™ollx 2 (rn4 J BonGo)+ a M( ir )- 
Recall that by Lemma [10. 101 we have 

W R k-),r ^\5B nF)\\LHrnAB nG ) Z H^i),^ (^|Fn5B )ll L2 (M|i?n4 flo ) + £l/8r o /2 - 
From this estimate and (jlQ.35j) we deduce that 

(10.36) M (F S ) < «" 2 Pi(.),,o(M^n5Bo)lli 2 (M |i?n4Bo ) + 

(assuming always e < a < 1). 
Now we denote 

— f ™ r~ T? • T? 

l \5B \F 



B l = {x^F: R*H, RBnK B(x) > e 1/4 }. 



By the boundedness of Riesz transforms from M(M. d ) (the space of finite 
Borel measures on M d ) into L 1,O0 (ft,p), we get 

By Cauchy-Schwartz and the L 4 (n^p) boundedness of Riesz transforms we 
get 

ll<),n>|Fn 5 £o)lli 2 (M| Sl ) ^ II^O,n,(M|fn Bflb )lli*( M|fll )MBi) 1/a £ ^V(n 
On the other hand, from (|10.36p we infer that 

\K),ro^\Fn 5 B )\\W^ * C-W[^(F 3 ) - Cav(F)]. 

Suppose that /x(F 3 ) > ct 1 / 2 n(F). Then fi(F 3 )-Ca fi(F) > a^ 2 n(F), 
and by the preceding estimates we get 

W R t(-),ro ^\Fn5B )Wh(^ mBQ ) ^ C- l a 5 / 2 fl(F) > l\\Ri { .),rM\Fn5B )\\h( MlBi y 

because e 1 / 8 <C a 5 / 2 . Therefore, 

\\ R m,r (^\Fn5B )\\l^ niBoXBi ) 

= \\ R i-),ro(V\Fn5B )\\l 2 (^ niB ) ~ \\ R e(-),r ^\Fn5B )Wh^ lBl ) 



Since R*fJ>\^g \p( x ) — on we have 



l^)^^ |5Bo \F)ll! 2 (M |i?n4BoVBl )^ £l/ ^( 4S 0)- 



Thus we deduce that 



^.), r o^|5Bo)lli 2 (,^ n4BoXBi ) > (C- 1 ^ 72 - Ce^MF) > a^^F). 
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Since Rf^, ro (fi\ 5Bo )(x) = Rf^ rQ fj,(x) for any x G 4B , we have 

ll^,,^(x)l!! 2(At|i5n4floXfli) >a 5 /V(F), 
which contradicts the assumption (d) in Main Lemma |7. 11 □ 
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